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0 fo<z<sz
1. Let f:[0,1) — [0,1) be defined by f(z) = 3$—$ fi<z<i
3z -3 if<z<l.

Consider the following subset of [0,1).
U={z€e[0,1) : f¥*() =0 for some k > 0.}

Using symbolic dynamics, we have another equivalent definition of U.

U= {2_:0 3?;1

: each s, € {0,1,2} and there is a k for which s, = 0.}

Answer the following true or false questions. (J points each)

.\

(a) - The set U is a Cantor set.
: ,‘ .
u wn"}/fx}hs 1“)\0, intery 4l [O/

(b) ’r The set U is dense in [0,1).
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i © x-Z ngéf/““‘“”

' f]r\{/ . -Q!
n= o

3}\!‘??_. & ){ .
(c) I There is an irrational point z € [0,1) which is not in U.

Yoo instane , Qe wVR2TL
| (ﬁ.ig_lluii1)i;nir!!!12,~)séu.
(d) F The map f is topologically transitive.
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2. Let f:[0,5] — [0,5] be function which is graphed below.

5 T T T

Note that f(0) =3, f(1) =4, f(2) =5, f(3)=2, f(4) =0and f(5) =

(a) (5 points) Let I, = [0,1], Iz = [1,2], I3 = [2 3, {4 = [3,4] and I5; = [4,5].
Draw the associated transition graph for f

/J\
\T/

) (& points) The point z = O is a point of period-6 under f. According to
Sharkovskii’s theorem, the map f must have points of which other periods?

2VENn

All M perisdo and 0 fixed Point.

(¢) (10 points) For each period you mentioned in part (b) give an itinerary for a
point of that period.

£xed : gw
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110
3. Let ©F be the shift space of finite type whose transition matrix is T = { 101
010

Powers of this matrix are given below.

2 1 1 33 17 (6 4 3
T2{120 Tée= |3 I 2 T = 451]
101 1 20| |31 2
10 9 4 19 14 97 (33 28 14
Toes | G & 5] TG{M 14 5 T = | 98 19 14}
4 5 1 9 5 5 | 14 14 5

Assume the vertices of G are labeled by {1, 2, 3}.

(a) (5 points) Draw the transition graph associated to the matrix T.
/_/; @
U=
&

(b) (5 points) How many allowable strings are there of length 6 which begin at 3
and end with 1?7 (For instance, 323211 is such an allowable string of length

6) WNamely 22010 |
H | 342
; = 1LY |

S/

a, l’};l‘ [ 7

(c) (10 points) Compute the number of periodic-n allowable sequences for the

L
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4. Let g : [0,1] — [0,1] be the logistic map with parameter 2, g(x) = 2z(1 — ).

Recall that ¢ has sensitive dependence on initial conditions at x if there is an
r > 0 such that, for any § > 0, there is a yo € [0,1] with |zg — yo| < J and an
integer & > 0 such that [g*(zq) — g*(y0)| > 7.

a) (10 points) Show that for all z < 1 we have g ) > 3z
2

for X4 'z,/ ‘)t”“‘

So ;(x)?— QX('L‘}‘):“’E)‘-

(b) (10 points) Prove that g has sensitive dependence on initial conditions at
~ xo=0. (Hint: Use the definition and assume part (a).)

/
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3z fo<z <1
5. Let f:]0,3] — [0,3] begiven by f(z) =< 5—2z ifl<z<2
20 —3 f2<z <3

This function is graphed below.

3

0

0 I 2 3
Let ]L = [D, 1], ITC," = [1,2}, f}g = [2,3]

(a) (5 points) Draw the transition graph for f relative to the intervals above.

SC

)
C "-\__.}@2

(b) (5 points) Is there a point x € [0,3] whose itinerary is L(C)*=? If so, find
such a point. (Hint, you may want to find the pointdwhose itinerary is '™

first.) | & :
T)\e, T’D':f‘{'l’?. whos IY'H“W»'\? s & fixed

amgl Lies i IC, Y Y= 5/1? .
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Hint: Though I have given you a lot of space, your answer to parts (c) and (d) should
be brief. Either quote a theorem, or give a brief heuristic explanation of your answer.

A

o
(c) (5 points) Does f have sensitive dependence ber initial conditions on [0, 3|7
Why or why not?

‘C 1S A Diecar 15e @X}/)&h(;fil’—l‘?,\
el L0, 3], 5o it s

S(Qim(, fu‘l’ f/VN?’ ?f?@i + { Z) j

\V
(% )

i’m‘@ on Jhe

(d) (5 points)Is f topologically transitive on [0, 3]? Why or why not?

No, the Arewsitan raph i iedutib,
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