Math 354-1 - First Midterm Fall Quarter 2009

Page 2 of 8
1. (15 points) For the following problems, circle the answer describing the stability
of the fixed points in each question. You do not need to justify vour answer
(a) Consider the function f(x) = -Z=sin

= sin(a).

The stability of the fixed point of f at 2 = 0is best described as

attracting cepelling semistable neither

The stability of the fixed point of f at 2 = 7 is best described as

@ repelling semistable neither

(Hint: To two decimal places /2 = 1.41 and 7 = 3.14 )
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) The function h(r) = £ has derivative #'(x) = (_111?72)2 The function h(x)
is graphed with the diagonal below.
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2. (15 points)
Suppose that f,(z) = f(2.p¢) is a C* function R? — R. In addition. suppose the
family of functions f, has the following properties.

P o M e P e

A) fo(0) = 0.
B) f3(0)=1. \/
) £5(0) = 4.
) = D

Hint: You may benefit by sketehing the graph of f,, for various values of y.

(a) Which of the following bifurcations is occurring at g = 0 and r = 0?7 (Circle
one.)

tangential bifurcation eriod doubling bifurcation neither

(b) The stability of the fixed point .cg = 0 of f; is best described as

attracting repelling neither

(see  g7zph)

(c) Which of the following statements is most likely to be true?
O‘ he points 7 = /it and x_ = —/;t are fixed points of f,(x) for values
of p satisfying 0 < p < 1.
ii. The points xy = /—p and - = —/—u are fixed points for values of y
satisfying —1 < p < 0.

b=

iii. The point x = 0 is fixed for values of u satisfying —% Sl R

(jeé j“fk)
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3. Consider the odd function f.(x) = r® — ax for values of a satisfying 0 < a < 1.
The first 3 derivatives of f, are given by

fux)=3"—a. f'x)=06zx, and f"(x)=6.
The fixed points of f are the points zg = 0 and 24 = £/a + 1.

(a) (9 points) Find the critical points of f, ().

(b) (10 points) Compute the Schwarzian derivative of f,(x). Show that the
Schwarzian is negative except at the critical points.
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(¢) (5 points) Prove that the points 2 = ++v/a + 1 do not lie in the basin B (0, fa).
(Hint: You may wish to recall the definition of the basin B(0. f,).

(d) (10 points) Assuming vou have successfully answered the previous two parts
to this question, explain why a critical point must lie in B(0. f,).
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4. (20 points) Let 2 [0,1] — [0, 1] be the continuous function defined by the following

r+1 ifo<e<
hix) = .
2-2 ifi<z<

equation:

1
2
1

(a) The graph of h(x) is shown below together with the graph of the diagonal.
Graph ?(x) in the second box below.
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(b) Let a, denote the number of fixed points of h"(x) for integers n > 1. The
numbers a,, are recursively given by the following:

a;=1. ay;=3 and a,.s=a,+ dy.

Use this information to compute the number of period-n points for values of

n€{1.2,3,4.5,6}.
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5. (20 points) Let f(x) = &, Note that f(x) has the following properties:

fl0)=0. f)=1. F£(0)=0. and f(1)=2

Let g(y) = 2y(1 — y). Note that g

o

y) has the following properties:

1
g0)=2. and ¢'(5)=0.

B =

g(0) =0, 9’(5) =

(a) Find an affine conjugacy of the form y = C(x) = ma + b from f(x) to g(y).

(b) Let h(z) = 4224z, Is there a differentiable conjugacy from f(x) to h(2)? If so.
find the conjugacy. If not, explain why they are not differentiably conjugate.
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