Cu'l"h‘ng and
Rese_win\?

Pi [lowcases
Pat HODP&f
Ch‘} Co”eje of New York



Ovd'line,

I. How to cut ano( resew P))/owC,ases.

Theore,m.57 Me»ure. Theora’fic, + T, o[cp')aai_

SuLs-HH‘Hon.s ond MMvariant cucves.




Pie,ce,wise, isome.‘,'ries on

the Square Pl, ,owca.se,




De-rini{"ion ot +Le. ]>3”owca.se,.

s Lot G lson(RY be
<(x,g)i-°»(>f+',y), (X,;>F>(X,g+)>, (’97)9('*% ’7>>_
o P= RZ/G- is the Square P?“owcax.
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A PieceWise, iﬁomeh? -Crom
a c ylin devr In
e P=R G is the Squate pillowcase.

b R: EOI lijo/ -3‘-:' s & -puna!anen‘f'nl A’ona.’n.
* [o,11x(0, 1)/G is = Cal;ﬂolef‘

o For xeR/7 difine H.:P->P L} H, = ﬁw"”{z)/(}
W):e/& W—K 1% Pﬂa}ed’ion PR and
—r.z,o (x/7)=-(x+¢) 3)



Lots ot cylinders

Fﬂ‘)’ et 6 be a divection of vetonal
slope. Tl’le/n ‘l'))e(e, are +wo lne
Segments L, ond L, n the directn
£ on +the 'P7”OWC£S& P wl\fc)’z J'o}r\
Paifs ol sinju\lw}ﬁes. And

P~(L,UL,)

is & Cy linders.



EXﬁmP)e,: The c&dim@e« in the

dicection of s)o})e 1:
>

<

b > L &<




Piece,wise, ISome-l'fie.s!

.Take, o sei%nca o? {p,Jriona, S[oPeS,

0., 6, , On,
ani C Setl‘uence, 0QC {‘o‘l“g-’vfan amob.n'i's
d‘l) Olp_)-n) JV\,.

® | et T}ZPD Cotate Lg d: n +he

J

c}lina’e( associated o QJ'

® Define T-?Tnohm_’o...o P



Example, # ] Sd,{; Hy oV,

¢ V Cotates +)\e, Veflrica[ C l‘mdev
Pb? ﬁ (mod 1.). J

° H& J‘o+a+es e +1\e, L}DJ}ZOV:"‘A) c;]ino!e(
by, ol (7’1 bd i)

(X [ 84
C A
A * B 5(.7_.,.':! g
R et e a -
A A .
i X - ¥ ~







Exhibit A:
T he

o periodic

set:

oL = 4':745«3 = 0.2%
L= 7—‘{"—'—77\3 0.4
) 7
o o
2 ‘.-I*
2
‘ !‘r:?!"-s
5
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EX)'IELH‘ B :
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Exhitit C :







EX&MP’Q ##

e Fifs'l' Cotate in +)\L ho«'»zovrhl g;,\;n&er

La, oA (MOJ _'L)
° Then votate in +he Vewl'fu.\ cyflin/ev
by o (med 1),

et T})en rotate in the slope, 1 cﬁlina?ev
by "o("'uri (Moo( '*fi,)



Exhibi+t A:







Example, >

Rotate in +)1& 1'\0(320'1'1'&' c?lin&e«

by A (Y”lodi>,
Ro"'k"t in the S’D 1 c,;’mc!e/ Lﬁ
R (”"O’(‘J\D
R0+a+6 n 'l')'le, Ver‘Hc.a.] C;);P)A?{ L.}
A (MDJ i>.

Roi’n’re, n +Le, 5[0 -\ c9hm/ie( b;
T (mod ﬁ)






Exhibit B:




Connection
+0 owter

billiaeds?

Image ‘P(om &
PaPer O'F R Sckwarfz,



't N\
Schw ar tels (Oc'l‘a.]) et

F‘ and I:_L ace findamedsl

dom zns ’R‘N lwf'-h'c,es
)"l a"A L.z__

Xe ):I > x+ve F;_ (2,0)
with vel,.

(2s,25s)

y ¢ F }—~>\(j+wé’:,
W\-l')\ w € L[.

Image feom o
paper of R. Schwadz,



KA,V\,‘O"\ Q) Rotate lo;. ?"f;:‘rz‘ (mak 1) ho/inn’h”}.

EX""PM' A‘- @ Rotete Ly, 1—.:;"1 (moA 1) in slope L divection.
@ Ro'l'k-l-b L’Z’ ?%;@: (mod i) veﬂ»::.dl; .

by 2o (rwo‘ ‘ﬁo) n 5’0))4 <1 direction.




(U Rotde b 5 1x| med 1) in horizpntid.
R&n&oh (D Ro¥ate L Ly J1- \((m.,,lﬂ,) in VecHcs)
EX&"'?’Q B () Redete ), ? ~J2 ¢l (med 1) W hosizonisl

(g? Rm"a’f‘c by 1-"1/1 (moal- '\Ti) in gla% .'Lol«f‘

’! £ ST

A’V Vs

i i 77
!/ﬂ iy f//!/ et //f/ f/j/f

Mz CHTHIATRTL /?M///fz fsz
S S (A



Fae+ I: Theorems.

COVlVe,n"l"loVL: A ?ie.ce,w?sL i$ome,')r} o": X )s &
COYl"’\l/lIAOAS ]ocA.[ )Somb‘)v} -r«ow»

on  open  dense  sulset X
1o X.P6 s G



Tke. /V\o.]:s S,L/ﬁ :

o P'—‘- R/G_ s 1~)\e, sflu.a,['e_, P})lowcase,.

® 1+ contains +he C;):nerf.s C, (0)9-)" !K/Z
CH R/z x(0,4).

° LC")' x/pe(oj-}) be ivvationa l.

o We define isometrics H C ‘*9, ("z;>">(><+°b;)
\/p Cy9 (X/ﬁ))">( J‘*P)

o We debine Sop=H,oV, : C,0 V()P



The M”‘P _E,,,(,'-

Ler'i‘ P anol P ]o& +wo oo,p;es OL +l:€, Squa re
P;”owc.a.Se, \A/e, Je-pme, T P UP‘D As LeJo\.;

Votate N resew | .-
Vev J'zca.”} ". :

by (b
PV (OI :L)x IR/ (i 4 1) PH
('o‘\'afe,. rosew PR
)')w;Zon‘)"AU;, Q——}
by o

PH [K/Z/ "(O) L) (el 1) e



EV& n C ontinuned chﬁan S

L&*)’ j: denote +)1L group of Jsomedries of K
which fix the s+ 2.

The even (anss map Y0, iR Z i defined
L} )’(‘t): %{: (mwt :rr).

T)\e.n X(—(',): S ({%}*h) -Eo( vm’!(t)ezo Gnd.

s=slo)e gt l}.
T}le, even  continned -Pfad'ion Seiuenae, (EC‘F..S)
ok £ s <(V1K=mo)”<(f,—)} sK=5a\o’K({7>>>,

®¥ Our Aedtment 15 elwwlerd' bt Ailfloent +han +he  Hest ment
of even Contitued Lractions Ly K{aa}krmp and LOPeS.



Re,norm a)iza,')-ion,

Thmt Fix iwationele <, (}e(o/;l_),
T)\e.(e, 15 QA PAN D‘P (‘ed'anju)ﬁ« sulpsds

Rthk and RVCPV So "l')"lk‘}' +he
'p'lr.S‘)" e then map of —]_;)/5 IPV l)Ph“‘Q
1o Rk UR’y V6 Os‘c'pine)? Qon‘}ujﬁ.’l‘b +o

TX(»L), ‘6((}).






C 0 nS@ctluence_s D‘p RCY\WMa,iZA'Han'-

@ The,re AYe Pe/}o&.‘c red‘anj]es o-/: arlpn")'fan‘/g
;1711 Pef}oat.



C onse 6({ue nces O'p RC_Yl o Melization .

® T heve ar Pez}a&;c rem‘“anjks of Af"of')’f;\/‘;/i
}\:]l’l. Pef;ooQ.

@ de 15 not o (‘P&d’o( 0\C> a Pfoll»rf ot

in'l'efw»l e,xcLAn)& ‘)’fa.ns‘ﬂunaﬁons.



C onse c(’ue nces o'p Re.n o Melization .

® T heve ar Pez}a&;c redmnjks of ar’oﬁ-mn‘g
h:]k Pef;ooQ.

@ de 15 not o (‘P&d’o( 0\C> a Pfoll»rf ot

in'l'efw»l e,xoLAn)p, ‘Ho,ns‘ﬂur-.aﬁons.

@ TE 4k seqnence ot pairs <(Yt(d)/ D'k(p>)> has
an accumh[aﬁon ?o}h'l' (x,7> with X#0 and g#OJ
then almost eve/; Pm‘n'l- of P s Peciod ic
aner Sd,ﬂ.



C onse c(’ue nces o'p Re.n o Melization .

® T heve ar Pez}a&;c redmnjks of ar’oﬁ-mn‘g
h:]k Pef;ooQ.

@ de 15 not o (‘P&d’o( 0\C> a Pfoll»rf ot

in'l'efw»l e,xcLAn)p, ‘)'mns‘ﬂur-.aﬁons.

@ TI¢ the >eftuence ot p&irs <(Yt(d)/ D'k(p>)> has
an accumh[aﬁon ?o}h'l' (x,y) with X#0 and J#OJ

+hen almas'}' eve/; Pm‘n'l- ot P is ?ef'mf,‘o
under Sd,ﬂ.

B S+tatemert @ holhe for ae. pért (d,/;),



C onse c(’ue nces o'p Re.n o Melization .

@ TE ke beiuence of pairs <(¥K(d), UK(P>)> has

Gn aacumb\lﬁ—ion ?o}h‘f' Cx,}) with X#0 and J?’OJ
then almost eve/;, point of P s Peried ic
Mn&ér Sd,ﬂ,

B S+tatement @ holhs for ae. péir (d,p),

@ The(e, €Xist (‘*1(»‘) so +lo~+ +)\e. Le Lesque messn re.
of Arefivoh'(, Ppin+_<, is arLiHu;l? close » £
Mmeasuce.



C onse. ctuence_s (w) ‘p Re.n oY ma.,izm‘ian .

@ The(& €Xist G‘Jﬂ) so that the LeLe.sjuc wessi re.
of o pecindic.  points s arbiwuil» close v £l
measunce.

@ here. is ~ dense set ,-(: Gils> (,,z} ) se

’ par (e
+)xA'i' +)|e, Lalaesjuc, merShle o-ﬁ ‘Sd,ﬂﬁc‘?u’“‘d"c
yoirn‘s 1S Pasﬂ-;vc.



A new +0Po)09:‘c,a’ cosu lt.

-:[}LY? Le+ OL,{& 5(0)’31.) be. ivtationel and et
(Mg, f )0 anh <(Me,5x)Dxs0  be +heiv
even (ontinned Lraction eXPAWSI'OVIS,

IF fK=$K€€f|3 for ec«ch kaO/ +hen —]—)\e(c
1S & continnons suf)o,z,ﬁv& ma p from K/Z
onto  the closure of  +he set of Fo;fl",'s
in P wH')» o{e#n&l MPL APe.m‘pAic, of‘)eiv‘-s/
anb', +)1e(¢, s o Yotahon R'JK/Z—»R/Z

5o that BoR(e)= S,0o (8) &
‘po¢ a” t %o +)m+ Sd[}"ﬁ(ﬁ') 15 de-G‘neA.

/

AlSo, ® holds ""D{ o Jdenrse open set of &.



Cueve

Pa.rk me terd

The se/('l' (a-g
a\rs o, 3
]f\ (0,4) x(0,4)
{or wh)(,lft +))e,
+theorem C\?f’i&s‘
is shown in

blacK &t l‘;j)’\*.




/V\ ore.  de +oils

M 1f the ECFLC for o is <(my, SK)>
Gnd the ECFE for s <(ng, s>,
then  +he rotetion R s L? Fhe
Ve otional whose ECFE is <(m,(+n,<)s,<)>



M ore de tails:

©If the ECFE For o is <(me, sO0
6nd the ECFE  for A i <(ng, s>,
then the rotetion R s L2 +he
o otional whose ECFE s <(mK+ﬂ,<)SK>>

@ I‘C SR:l ‘Cor ‘m-pin{'}a)? MAn;, K/ 4):e,w
B R/Z*?P is an emLe,o(A;n;_



Morce details:

® 1F the ECFE for o is <(my, 5x)>
anA +}1e, ECFE -Fov‘ F s <(Vl,<) SK)>/
then  the rotetion R s L2 +he
vy Dﬂ"ion“\.{ W)‘OS'& EC,FE 15 <(mK+ﬂ,<)SK >>

@ I‘C SR'—‘.']_ 'C(w ‘m-pin{'}o)? mm;, K/ 4)le,w
B R/Z—?P is an e,mLe,o(A;n;_

@ Thece are “Cueve Coses”  with the messure
of APer;w(ia Points a.rlu‘i'(arilaz close
-pu“ measre,



An embedded

5'4"7

cheye e_xo.,mfle,'- Cotation by = 0.219




An immersed acps BT

Clrve - rotation




. - - -J’~
An |mme¢sed A= (2= d

Clheve - rotation Ly« E:__.'Jl—?







A Second

immecsed cucve :




A Posi’rive, avea Chive:




QMQS‘HOR& 'FO( ‘H\e- non-curve case:

Obsevvation l‘c (o{,/(b) o & P,;Lf O‘C ivationgls
net  covtsed L; -l')»L Fhesem Yy ‘l’)teJe, s
wo  invacignat cureve,”

Qi 1s -)-)\4 action O'g Sd,ﬁ on  the A)?e,(;oji'(,
Set me’,ﬁ—su-rala};, conjujafc f & <otation®

_6_2_'2_,5 Is ‘f'}lL ectim \oak wmiXin In  Same
cases (T)\ﬁ' is, afe these eXamP)es with
no {eteation appeu2n9 as o Messirable
‘Fﬂcfuf?)



Pact IH

an
Cu

e Xam )9{6



/V\ .
GiN ExamP|e3 oy







Decouie& Ru—"'anjles: Decwﬂrions‘

\I\/G, ~5soci1ate 4 L Ir\cam}na, a.nﬂ. O“Tj’;"}
decor atel {ed('anj’e, RO") Vertices. y
1o eve/? Lé %A/---/ H ) L4 Somc‘l'imes) Qa ,‘Pzrial\‘é

sub se a+anjl¢ "

00— p——a———
= - ‘|,
B . D 3
1 T S 1 Tqr l
-8 A ] -3
2 14 4 2 1 C l
[ 1 i [ 1 ] [ 1 i 1
2 2 @zu‘f’joi'\ 2
T p— . O—C) -
h) /—5 F k)
‘mam'.y
1 1 Pef:ad\'o ‘|’ 1
5| E 3 5| G
sk‘l’" Jj
(ed‘a"j)b l
L Om— - - —‘.,
- —a0—A =~
"7'2\\ CIJ\\



F \i"d cect &noks :

For eoch  Jetter ) € %A/ ey H‘g) we also
&zfinc ~ -C,fFPC& o(e_c,o\fai(“t‘zol (eo‘kanjl& R(L—)

We define +he a\Plube:f Le= EA,...J H3VZA_,.,H3,
We define ne,jif,ib P swep each Lo owith | _.

D
| [ ]

ol




AV\ o.“l'cfna"'& olesc,f'sl;-h'am of T:




C'n 6Ins o-r decotated (ed'an‘?lesi

To each wovd in +he al )Labe‘l*
Le= A, ,H%viA,, M3

we, assecicte ¢ Seotuuuc.a ol? decoveted recf‘anj]es

E9 To +the word EFGHAFE :




‘ » .
A ’Majia substiduhon:

The subst;+ution E Commutes  with Vlé’a,on‘ion and
15 dedined by :

©(A)= HEF6H DA 6 (8)= Bcp AR
O(C)=CPH.L.LEGH.  ®(D)-DABCD
O(E)=DABCDHE 0 (F)-FGHEF
3(6)=GHD.ARC & (6)=HEF4H

Se, ®(AB)= HEFGHDAB.C.D_A B.



Pvro ?ex‘)‘} 1:

For each e EA H3 the chain associcted
o P(L) scaled L,; 2T fills all of R (L)
QXCZ,P'I“ *}-)\e, ’)e()04:c. sub Yec,‘fq:n(jle, and. hes
+the same  incomi 'lg and om" m;, ver Fex,

O(A)= HEFGHEF




P\ro Fex‘f’} i:

For e,ka)\ L€ EA H} the chain cssociated
o O(L) scaled Lg VAT Bills sl of R(L)
e)(‘cep')- ~}-)\e, ))e()ob(nc sub y'ec)"q:n(j)e/ and  has
the same 3ncvmin9 and ou"'Jaing, ves +ex,

D(8)= BCDAB,




Reu-” the al’i'cvnu*e— ale.sc,f‘.P’ﬁom or T:
F«'ope.f'f?, 2. involves the (ollechon oﬁ paifs

AB<—HE, DeFkf, EF<DPA, GH<B C




P(o Pe({*y. L
For everdm w, < WL)

@("‘i) can be o btaimeA Lrom @[W‘\) Ly
-Ce.PIAcfn one instance v w, an f(w,)
with \j;
Eo. O(AB)=HeF6HDABCDAR

0 (HE)=HEF ¢HDABCO HE

O)?Serve,i Powug v'ﬁ @ a]so llmvb thig PMFQ'?‘



RC. 'Fiaina, +)|e, ol;namicsi

®(3)




.L n aluceoQ oction on su b (ec:l'anj les.

-H
4




.L na!uceoQ oction on s ub {‘ed’anj les.




POS$3L‘G. P“*"H‘\ T“oﬂoﬂs of asulwpd'snjk.
@ Bi(‘}'l\., a  fade orLI-}-} ond  then death:

E
H .
T
E

@ Peciodic. moHon. (Neves L“"We"Q

(AB«HE, CD<FEG, EFeDPA GHeB. C )



Pfa}?e/'}a, 3:

The, same.  shhstitwhon (an )ae, used +v code
an isondr?r ot two circles.

v: Rz x §113 =, 't(x,)‘>=(x+“’5»” (mod 1), 3-;).

2.

. felW-[s A, C E*+&
R/Z,xfB- * I I ’liwe [en)r)h }2-'\/}:‘

[ntervels B, F Y
E F H N
WZ X %23 ' # have fenﬁl\ A‘E';_El



Action of the i$0mef+f;‘l:

IAIBl(JIDI lEIFIGIHl

17
IL_IIEIFIGI IDABCI



(

.JDI teevel Substitutions:

B
*

IﬂlEIFIGIHIDIAI IEIO DAIBI

Let £, =L =9A,,H3 be sign focgetting

The interval associoted v vo@[ﬂ i 3+242
times  as )DY)? a5 Yhe ntevval ajsoc’m‘faﬂ {-bLei



Rcfinel Dynanics
B

C
A_ _D

HE F,GHDABCDABCDHEFGMHD A B, C D

|-||-|—|-|—|—|—||—|—|—||—|-||-|—|-|—|—|—||—|\L
T
H E Ji G

I | I |

IL_IlEIFIGIHIDIA B C DHIEIFIGIHIEIFIGIHIDIA B C|2|

O)osevve,-‘ No ?n'l'aval Moves PeriooQic_a”
because TF rotates each
cCifele f{(‘wlv':ona”ﬁ.

47



FE F G H
N e

C
DABC'DHIEIFIGlﬂlElFlGIHlDIAIB DHEFE F .G H




